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Abstract. Let G be a finitely generated group and let C* denote the group of all 
central automorphisms of G fixing the center of G elementwise. Azhdari and Malay- 
eri [J. Algebra Appl., 6(2011), 1283-1290] gave necessary and sufficient conditions 
on G such that C* ~ Inn(G). We prove a technical lemma and, as a consequence, 
obtain a short and easy proof of this result of Azhdari and Malayeri. Subsequently, 
we also obtain short proofs of some other existing and some new related results. 
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1 Introduction. Let G be a finitely generated group and let Inn(G) denote the 
inner automorphism group of G. For normal subgroups X and Y of G, let Aut' Y (G) 
and Auty(G) denote the subgroups of Aut(G) centralizing G/X and Y respectively. 
We denote the intersection Aut A (G) fl Auty(G) by Aut A (G). Let C*, in particular, 
denote the group Aut z ^(G), where Z(G) is the center of G. For a finite group G, let 
G p and 7r(G) respectively denote the Sylow p-subgroup and the set of prime divisors of 
G. For a finite p-group G, Attar [2], Main Theorem] proved that G* = Inn(G) if and 
only if either G is abelian or G is nilpotent of class 2 and Z(G) is cyclic. Azhdari and 
Malayeri [3] Theorem 0.1] (see also [5J Theorem 2.3] for correct version) generalized this 
result of Attar and proved that if G is a finitely generated nilpotent group of class 2, 
then G* ~ Inn(G) if and only if Z{G) is infinite cyclic or Z{G) — C m x H x Z r , where 
Cm ~ n p ex(G/z(G)) Z ( G )p> H - Hp^(G/z(G)) Z ( G )p’ r > 0 is the torsion-free rank 
of Z(G) and G/Z(G) is of finite exponent dividing to. We prove a technical lemma, 
Lemma 2.1, and as a consequence give a short and easy proof of this main theorem of 
Azhdari and Malayeri. We also obtain short and alternate proofs of Corollary 2.1 of [5], 
and Propostion 1.11 and Theorem 2.2(i) of [3]. Some other related results for finitely 
generated and finite p-groups are also obtained. 

By G p we denote a cyclic group of order p and by X n we denote the direct product 
of n-copies of a group X. By Hom(G, A) we denote the group of all homomorphisms of 
G into an abelian group A. The rank of G is the smallest cardinality of a generating set 
of G. The torsion rank and torsion-free rank of G are respectively denoted as d(G) and 
p{G). By exp(G) we denote the exponent of torsion part of G. All other unexplained 
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notations, if any, are standard. The following well known results will be used very 
frequently without further referring. 

Lemma 1.1. Let U,V and W be abelian groups. Then 

(i) if U is torsion-free of rank m, then Hom((7, V) ~ V m , and 

(ii) if U is torsion and V is torsion-free, then Hom({7, V) = 1. 

2 Main results. Let G be a finitely generated group and M be an abelian subgroup 
of G with 7 r(M) = {qi,q 2 ,... ,q e }. Let L and N be normal subgroups of G such that G' < 
N < L and 7 t(G/L) = n(G/N) = {pi,p 2 , ■ ■ ■ ,Pd}- Let X, Y, Z be respective torsion parts 
and a, b , c be respective torsion-free ranks of G/L, G/N and M. Let X Pi ~ 11,=i , 

Y Pi — n-ii and Z <a — nr=i C q' 1ij > where for each *> a ij - a i(j+ 1)> &ij > Pi(j+ 1) 

and jij > 7 j(j + i) are positive integers, respectively denote the Sylow subgroups of X, Y 
and Z. Then 

d d U 

G/L ~ X x Z“ ~ l[X Pi x Z“ ~ l[ I] x Z a , 

i= 1 i= 1 j =1 

d d rii 

g/n ~ y x if ~ x z 6 ^n nx 

i=l i= 1 j=l 

and 

e e rrii 

M ~ Z x Z c ~ JJ x Z c ~ C 1(j x Z c . 

i=l i=l j =1 

Since G/L is a cjuotient group of G/N, it follows that a < b, U < ni and a-ij < for all 
i, 1 < i < d and for all j, 1 < j < U- We begin with the following lemma. 

Lemma 2.1. Let G,L,M and N be as above. Then B.om(G/N,M) ~ G/L if and only 
if one of the following conditions hold: 

( i ) G is torsion-free, M is infinite cyclic and both G/L and G/N are torsion-free of 
same rank. 

(ii) G is torsion, M ~ C^d p -in x rW Z qa l i = ni and either aij = fiij < jn for 

each j or aij = jn for 1 < j < ri and aij = for r* + 1 < j < U, where Vi 

is the largest positive integer between 1 and li such that /3j n > 7*1 for each fixed 
i,l <i< d. 

(Hi) G is a mixed group, M ~ Cj-jd 7*1 x rii=d+i Z< n x G/L and G/N are 

finite, U = Ui and either = f3ij < jn for each j or aij = 7*1 for 1 < j < ri and 

= Pij for ri + 1 < j < li, where ri is the largest positive integer between 1 and 
li such that Pi Ti > 7 ji for each fixed i, 1 < i < d. 

Proof. It is easy to see that if any of the three conditions hold, then Kom(G/N, M) ~ 
G/L. Conversely suppose that Hom(G/A r , M) ~ G/L. Then 

Hom(y x Z b , Z x IT) ~ X x Z a . (1) 

We prove only (i) and (ii), because (iii) can be proved using similar arguments. First 
assume that G is torsion-free. Then N is also torsion-free and therefore by (1) Hom(T x 
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Z ft , Z c ) ~ X x Z a . Thus X = 1 and since a < b 1 c = 1 and a = b. It follows that M is 
infinite cyclic and both G/N and GjL are torsion-free of same rank. Next assume that G 
is torsion. Then Hom(F, Z) ~ A' by (1). Since 7r(X) = tt(Y) and d(X) < d(Y), therefore 
qi = pi and to* = 1 for alH, 1 < i < d. Thus M ~ ffLi C p -yn x JlLd+i TI^=i C ^ ■ 
Also, observe that 

d rii d e mi 

Horn (Y,Z) ~ Hom(nn^,.n^ x II Ii C ^ 

i=l j=l x i —1 i=d-\-l j=l 

d rii d 

* Hom(nn^n^) 

2=1 j= 1 2=1 

d n i 

i=1 i=l * 

and A' ~ «. Therefore Hom(J]”i 1 C^ , G p 7 ii) ~ TlyUi C p “« for each 

i, 1 < < d, and hence li = rii. It thus follows that for each fixed i. 1 < i < d, 

U h 

H°m(n C/o , C p]il ) ~ n G P y ■ ( 2 ) 

J=1 1 3 =1 

Now, if exp(lpj < exp(Z Pi ), then /?y < 7*1 for each j and Hom(J][j =1 G^ y , G p 7 ii) ~ 
U l U C Pij . It therefore follows from (2) that a t j = for each j. And, if expfYpJ > 
exp (Z Pi ), then there exists largest positive integer r, between 1 and U such that /3i ri > 
7 ii and /3ij < 7 -n for each j,n + 1 < j < U. Therefore Hom(J ]^ =1 C fly, C p ~m ) ~ 

n'Li Cp 7 «i x n'W i+ i ■ It then follows by ( 2 ) that = 7 ^ for 1 < j < 77 and 
Oiij — fiij for Ti T 1 ^ J ^ li. [HI 

Remark 2.2. Observe that if N = L and exp(G/iV)| exp(M), then exp(Y^) < exp (Z Pi ) 
for all i and hence Horn (G/L,M) ~ G/L if and only if either M is infinite cyclic or 
M ~ Cj-jd p 7 u x nL d+ i Zqi x Zl c , where c > 0 is the torsion-free rank of M. 

The next lemma is a little modification of arguments of Alperin QQ Lemma 3] and 
Fournelle [3 Section 2], 

Lemma 2.3. Let G be any group and Y be a central subgroup of G contained in a normal 
subgroup X of G. Then the group of all automorphisms of G that induce the identity on 
both X and G/Y is isomorphic to Hom(G/X, Y). 

Observe that C* ~ Horn (G/Z(G), Z(G)) by Lemma 2.3. If G is nilpotent of class 2, 
then exp(G') = exp(G/Z(G)). Now taking L = M = N = Z(G) in Lemma 2.1, we get 
the following main result of Azhdari and Malayeri [4] Theorem 0.1] (see (SJ Theorem 2.3] 
for correct version). 

Corollary 2.4. Let G be a finitely generated nilpotent group of class 2. Then C* — 
Inn(G) if and only if either Z(G) is infinite cyclic or Z(G) ~ Gj-jd 7*1 ><Yli=d+i xZ c , 
where c is the torsion-free rank of Z(G). 
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Corollary 2.5 ([5J Corollary 2.1]). Let G be a finitely generated non-abelian group and 
let M and N be normal subgroups of G such that M < Z(G) < N and G/Z(G ) is finite. 
Then Aut^f(G) = Inn(G) if and only if G is a nilpotent group of class 2, N = Z(G), 

G' < M and M ~ Cj-^ p in x Tli=d+i ^<n x Z c , where c > 0 is the torsion-free rank of 
M. i=1 * 

Proof. First suppose that Autjy (G) = Inn(G). Observe that Aut^f (G) ~ Hom(G/-ZV, M ) 
by Lemma 2.3. It follows that Inn(G) is abelian and therefore nilpotence class of G is 
2. For any [a, b] G G', [a, 6 ] = a _ 1 /f,(a) G M and thus G' < M. Also, for any n G N, 
I x (n) = n for all x € G and therefore AT = Z(G). Now since exp(G/Z(G)) = exp(G') 
divides exp(M), the result follows from Lemma 2.1 by taking L = Z(G). The converse 
follows easily. □ 

In 1911, Burnside [ 6 ] Note B, p. 463] gave the notion of pointwise inner automorphism 
of a group G. An automorphism a of G is called pointwise inner automorphism of G if 
x and a(x) are conjugate for each x G G. Let H be a characteristic subgroup of G. As 
defined in [3|, an automorphism a of G is called if-pointwise inner if for each element 
x G G, there exists h G H such that a(x) = x h = x[x,h\. For convenience, we denote 
7 fc(G)-pointwise inner automorphism of G by Aut k-pwi{G). As another application of 
Lemma 2.1, we get the following two results of Azhdari [3], The second one generalizes 
Theorem 2.2(i) of [3j. 

Corollary 2.6 ([3], Prop. 1.11]). Let G be a finitely generated nilpotent group of class 
k + 1 > 2. Then Hom(G/£fc(G), 7 fc+i(G)) ~ G/fk(G) if and only if~/k+i(G) is cyclic. In 
particular, if 7 / 5+1 (G) = [x, 7 fc(G)] for all x G G\Gc( 7 fe(G)) is cyclic, then Aut k-pwi 0 G ) 
is isomorphic to a quotient group o/Inn(G). 

Proof. It follows from j9j Cor. 2.6, Cor. 3.16, Cor. 3.17] that exp(G/£fc(G)) = exp( 7 fc + i(G)) 
and G/fkiG ) is finite if and only if 7^+1 (G) finite. The result now follows from Lemma 
2.1 (see Remark 2.2) by taking L = N = (k(G) and M = 7^+1 (G). In particular, if 
7 fc+i(G) = [x, 7 fc(G)] for all x G G \ Gc( 7 fe(G)) is cyclic, then using the arguments as in 
jTO] Prop. 3.1], we can prove that Aut k- P wi{G) — Hom(G/Cfc(G), 7 fc+i(G)). □ 

Corollary 2.7 (c/. .3] Theorem 2.2(i)]). Let G be a finitely generated nilpotent group of 
class k+ 1 > 2. Then Hom(G/Cfc(G), 7 fc+i(G)) ~ Inn(G) if and only if G is nilpotent of 
class 2 and G' is cyclic. In particular, if ^k+i{G) = [x, 7 fc(G)] for all x G G\CG( 7 fe(G)), 
then A\itk-pwi(G) — Inn(G) if and only if G is nilpotent of class 2 and G' is cyclic. 

Proof. Observe that if Hom(G/£fc(G), 7 fc+i(G)) ~ Inn(G), then G/Z(G) is abelian, and 
therefore nilpotence class of G is 2. It follows that (k{G) = Z(G) and 7^+1 (G) = G'. 
The result now follows from above corollary by taking k = 1. □ 

For g G G and a G Aut(G), the element [g, a] = g~ 1 a(g) is called the autocommutator 
of g and a. Inductively, define 

\g, a 1 , « 2 , ■ • ■ j cx n ] = [[ 5 , ou, 02 , • • ■, ot n -\\, a„], 

where on G Aut(G). The absolute center L(G) of G is defined as 

L{G) = {g G G | [g, a] = 1, for all a G Aut(G)}. 

Let Li(G) = L(G), and for n > 2, define L n (G) inductively as 

L n (G) = {3 G G | [g, 07 , a 2 ,..., a n ] = 1 for all «i, o 2 ,..., a n G Aut(G)}. 
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The autocommutator subgroup G* of G is defined as 


G* — (g 1 a(g) \ g £ G,a £ Aut(G)). 

It is easy to see that L n (G) < Z n (G) for all n > 1 and G' < G*. An automorphism 
a of G is called an autocentral automorphism if g~ 1 a(g) £ L(G) for all g £ G. The 
group of all autocentral automorphisms of G is denoted by Var(G). A group G is called 
autonilpotent of class at most n if L n (G ) = G for some natural number n. Observe that 
if G is autonilpotent of class 2, then G* < L(G). Nasrabadi and Farimani [ 8 ] proved 
that if G is a finie autonilpotent p-group of class 2, then Var(G) = Inn(G) if and only 
if L(G) = Z(G ) and Z(G) is cyclic. Observe that Var(G) ~ Horn (G/L(G), L(G)) by 
Lemma 2.3. As a final consequence of Lemma 2.1, we get the following result which 
generalizes the main result of Nasrabadi and Farimani. The proof follows from Lemma 
2.1 by taking M = N = L(G) and L = Z(G). 

Corollary 2.8. Let G be a finitely generated non-abelian group such that G' < L(G) and 
7 r(G/L(G)) = 7 t(G/Z(G)). Then Var(G) ~ Inn(G) if and only if one of the following 
holds 

(?) G is torsion-free, L(G) is infinite cyclic and p(G/L(G)) = p(G/Z(G)); 

(ii) G is torsion, L{G) cs Cj-jd x Ili=d+i %<n an< ^ either L(G ) = Z(G) or U = Ui, 
otij = 7 ii for 1 < j < ri and a = /Jy for 77 + 1 < j < U, where ri is the largest 
positive integer between 1 and k such that fi ri > 7*1 for each fixed i, 1 < i < d. 

(Hi) G is a mixed group, both G/L(G) and G/Z(G ) are finite, L(G ) ~ Gj-jd 7*1 x 

Ili=d+r Zqt x Z c and either L(G) = Z(G ) or i = Hi, = 7 a for 1 < j < ri and 
aij = fij for ri + 1 < j < li, where 77 is the largest positive integer between 1 and 
li such that (3 iri > 7 a for each fixed i, 1 < i < d. 

Let G be a finite p-group such that G' < L(G). Let G/Z(G) ~ n[=r Cp ai > G/L(G) ~ 
n’=i an d L(G) — IlLr Gp'u , where ai > a 2 > ■ ■ ■ > a r , 0i > fa > ... > 0 S and 
7r > 72 > ■ ■ ■ > 7t are positive integers. Since G/Z(G) is a quotient group of G/L(G), 
r < s and 07 < /3, for 1 < i < r. 

Corollary 2.9. Let G be a finite non-abelian p-group. Then Var(G) = Inn(G) if and 
only if G' < L(G), L(G) is cyclic and either L(G) = Z(G) or d(G/L(G )) = d(G/Z(G)), 
a, = 71 for 1 < i < k and ai = f3i for k + 1 < i < r, where k is the largest positive 
integer such that f3k > 71 • 

Proof. Observe that if Var(G) = Inn(G), then for any [a, b] £ G ', [a, b] = a~ 1 Ib(a ) £ L(G) 
and thus G' < L(G). The result now follows from Cor. 2.8. □ 

Corollary 2.10 ([ 8 ] Theorem 3.2]). Let G be a non-abelian autonilpotent finite p-group 
of class 2. Then Var(G) = Inn(G) if and only if L(G) = Z(G ) and L(G) is cyclic. 

Proof. Suppose that Var(G) = Inn(G). Observe that if g~ 1 a(g) £ G *, then a(g) = gl for 
some l £ L(G) and hence (g~ 1 a(g)) m = g~ m a(g) m for all m > 1. Let exp(G/L(G)) = d 
and exp(G*) = k. Then 1 = (g~ 1 a(g)) k = g~ k a(g) k implies that g k £ L(G) and hence 
d < k. Conversely, if gL(G) £ G/L(G ), then g d £ L(G ) and thus 1 = g~ d a(g d ) = 
(g~ 1 a(g)) d . It follows that k < d and hence exp (G/L(G)) = exp(G*). Since G* < L(G ), 
exp(G/L(G))| exp(L(G)). Therefore Var(G) ~ Hom(G/L(G), L(G)) ~ G/L(G ), because 
L(G ) is cyclic by Corollary 2.9, and hence L(G) = Z(G). □ 
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